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21. Introduction
Let G be a connected reductive group defined over R and G := G(R) its group
of real points. In this article we give an elementary proof of Harish-Chandra’s
condition for the existence of discrete series representations for G. We first put this
problem in the more general context of real spherical spaces.
Let H ⊂ G be an algebraic subgroup defined over R and H = H(R). A suitable
framework for harmonic analysis on Z := G/H is obtained by the request that Z
is real spherical, i.e., there exists an open orbit on Z for the natural action of a
minimal parabolic subgroup P of G.
Our interest is to obtain a geometric criterion for the existence of discrete series
on Z. We recall the following conjecture from [7, (1.2)].
Conjecture 1.1. The real spherical space Z admits discrete series representations
if and only if the interior of (h⊥)ell in h
⊥ is non-empty.
Let us explain the notation: h = Lie(H) is the Lie algebra of H , h⊥ ≃ (g/h)∗ is
the cotangent space T ∗z0Z at the base point z0 = H ∈ Z and the index ‘ell’ stands
for elliptic elements.
The ‘if’-part turns out to be the more accessible implication; we recall from [2]:
Theorem 1.2. Let Z be a real spherical space. If the interior of (h⊥)ell in h
⊥ is
non-empty, then Z admits infinitely many discrete series representations.
A central tool for establishing Theorem 1.2 was our work on the parameters of
discrete series [7] which we briefly recall. Let G = KAN be an Iwasawa decom-
position for G and P = MAN the associated minimal parabolic subgroup with
M = ZK(A), the centralizer of A in K, as usual. Let t ⊂ m be a maximal torus.
Then c = a + t is a maximally split Cartan subalgebra of G, unique up to conju-
gation. With cR = a + it we obtain a real form of cC which is characterized by the
property that all roots γ ∈ Σc = Σ(gC, cC) ⊂ c
∗
C are real valued on cR. Let now V be
Harish-Chandra module of a discrete series, i.e., V ⊂ L2(Z) and infinitesimal char-
acter χV ∈ Homalg(Z(g),C). Using the Harish-Chandra isomorphism we identify
χV with a Wc-orbit [ΛV ] =Wc · ΛV ∈ c
∗
C/Wc, where Wc is the Weyl group of Σc.
In [7] we derived from first principles that there exists an explicit Wc-invariant
rational lattice L ⊂ c∗R, such that
(1.1) [ΛV ] ⊂ L
for all discrete series representations V of Z.
The purpose of this article is to explore the extent to which (1.1) can be used to
establish the ’only if’ implication in Conjecture 1.1. To be more precise, we give an
elementary proof for the group case based on (1.1). We believe that the presented
approach has the potential to generalize to all real spherical spaces.
In the remainder of this article we consider the group case. The group G is a
real spherical space when looked upon as a geometric object under its both-sided
symmetries of G × G. Specialized to the group case Conjecture 1.1 is Harish-
Chandra’s beautiful geometric criterion for the existence of discrete series represen-
tations, which results from his deep study of discrete series [3, 4].
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Theorem 1.3 (Harish-Chandra). The group G admits discrete series if and only if
G has a compact Cartan subgroup.
Let us shortly describe the main idea for the proof of the ‘only if’ implica-
tion. Let σ be the conjugation on gC with respect to g. We call an element
Λ ∈ c∗C strongly regular provided that the stabilizer of Λ in the extended Weyl group
Wc,ext := 〈Wc,−σ〉 ⊂ Aut(Σc) is trivial. We know from (1.1) that infinitesimal char-
acters of discrete series representations are real. We show that the existence of a
discrete series representation with a strongly regular infinitesimal character implies
the existence of a compact Cartan subalgebra, see Corollary 3.6. In particular, the
existence of just one representation of the discrete series with strongly regular in-
finitesimal character implies the existence of a compact Cartan subalgebra. Finally,
we use the Zuckerman translation principle [8] to produce from a representation of
the discrete series a discrete series representation with strongly regular infinitesimal
character, completing the argument, see Corollary 5.8.
Acknowledgement: We thank Joseph Bernstein for valuable comments on earlier
versions of the article.
2. Notation
Throughout this article we let G be the open connected subgroup of G(R) where
G is a connected reductive group defined over R. We write GC for the connected
group G(C). As usual we denote the Lie algebra of G by g and keep this terminology
for subgroups of G, i.e., if H ⊂ G is a subgroup, then we denote by h its Lie algebra.
If h is a Lie algebra, then we write hC for the complexification of h.
Fix a Cartan involution θ of G and denote by K = Gθ the corresponding maximal
compact subgroup. The Lie algebra automorphism of g induced by θ, and its
linear extension to gC, will be denoted by θ as well. We write g = k + s for the
associated Cartan decomposition. We fix a maximal abelian subspace a ⊂ s and
write A = exp(a). Further we let M = ZK(A) and select with t ⊂ m a maximal
torus. We write T for the Cartan subgroup ZM(t) of M .
We denote by σ : gC → gC the complex conjugation with respect to the real
form g and use the same symbol for its restriction to cC. Let U := K exp(is) be
the θ-stable maximal compact subgroup of GC, which is obtained as the fixed point
subgroup of the antilinear extension θ ◦ σ of the Cartan involution θ to GC.
We extend a by t to a Cartan subalgebra c := a+ t of g. We write Σc = Σ(gC, cC)
for the corresponding root system and Σa := Σc|a\{0} for the corresponding re-
stricted root system. Further we set cR := a + it. Note that Σc ⊂ c
∗
R, that σ
preserves Σc and cR and that σ
∣∣
cR
= −θ
∣∣
cR
. We write CC for the maximal torus of
GC with Lie algebra cC. As GC is a connected algebraic reductive group, the torus
CC is connected. We further define C := G ∩ CC and CU := CC ∩ U . Note that
C = TA and CU = T exp(ia).
Let us denote byWc the Weyl group of the root system Σc and likewise we denote
by Wa the Weyl group of the restricted root system Σa. With respect to Σa we have
the restricted root space decomposition
g = a⊕m⊕
⊕
α∈Σa
gα .
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In the sequel we fix with Σ+a ⊂ Σa a positive system. We then let Σ
+
c ⊂ Σc be
any positive system which is compatible with Σ+a , i.e., Σ
+
a = Σ
+
c |a\{0}.
The positive system Σ+a defines a maximal unipotent subalgebra n =
⊕
α∈Σ+a
gα.
Put N = exp n and note that P = MAN ⊂ G defines a minimal parabolic subgroup
of G. We write P and n for θP and θn, respectively.
3. Reading of the existence of maximal compact Cartan subgroup
from the infinitesimal character
As usual we write Z(g) for the center of the universal enveloping algebra U(g) of
g. According to Harish-Chandra the characters of Z(g) are parametrized by c∗C/Wc.
Now every irreducible Harish-Chandra module V admits an infinitesimal charac-
ter χV : Z(g)→ C which then corresponds to a Wc-orbit
[ΛV ] := Wc · ΛV
for some ΛV ∈ c
∗
C. The following lemma is standard. For convenience we include
its short proof.
Lemma 3.1. Let V be a unitarizable irreducible Harish-Chandra module. Then
[ΛV ] = [−σΛV ].
Proof. The dual representation of V has infinitesimal character −χV . On the other
hand the conjugate representation V of V has infinitesimal character χV = σ(χV ).
Since V is unitarizable, the representation is isomorphic to its conjugate dual, hence
the assertion. 
We recall that an element λ ∈ c∗C is regular provided that the stabilizer of λ in Wc
is trivial. Notice that the complex conjugation σ and − id induce automorphisms
of Σc, i.e., they determine elements of Aut(Σc). In particular −σ ∈ Aut(Σc). We
define the extended Weyl group of Wc as the following subgroup of Aut(Σc):
Wc,ext := 〈Wc,−σ〉group ⊂ Aut(Σc) .
Furthermore λ ∈ c∗C is called strongly regular in case the stabilizer inWc,ext is trivial.
According to Harish-Chandra (see [4, Theorem 16]) the infinitesimal characters of
representations of the discrete series V of G are real, i.e., ΛV ∈ c
∗
R/Wc. A simplified
proof of this fact was recently given in the more general context of real spherical
spaces, see [7, Theorem 1.1].
Proposition 3.2. Assume that there exists a representation V of the discrete series
for G with infinitesimal character [Λ] ∈ c∗C/Wc. Then the following assertions hold:
(1) Λ ∈ c∗R and there exists an element w ∈ Wc such that w · Λ = −σ(Λ).
(2) If in addition Λ is strongly regular, then there exists an element w ∈ Wc
such that w = −σ on c∗R. In particular, −σ|c∗R ∈ Wc ⊂ Aut(c
∗
R).
Proof. As mentioned above, Λ ∈ c∗R. Since representations of the discrete series are
also unitarizable, Lemma 3.1 gives [−σΛ] = [Λ]. This shows the first assertion and
the second is a consequence thereof. 
We recall that Wc = NGC(cC)/C and Wa = NK(a)/M . We denote by W
θ
c the
subgroup of Wc consisting of the elements which commute with θ, and recall the
exact sequence
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(3.1) 1→ Wm →W
θ
c →Wa → 1
where Wm is the Weyl group of the root system Σm := Σ(mC, tC), which can be
realized as NM(t)/T .
Lemma 3.3. Let τ be an automorphism of gC and JC a Cartan subgroup of GC. If
τ acts trivially on jC, then there exists a t ∈ JC so that τ = Ad(t).
Proof. Since τ acts trivially on jC, it preserves all root spaces g
γ
C, γ ∈ Σj. Hence
there exists for all γ ∈ Σj numbers cγ ∈ C such that τ |gγ
C
= cγ · idgγ
C
. Let now t ∈ JC
be such that Ad(t) coincides with τ on all simple root spaces gγC, γ ∈ Πj. Now
φ := Ad(t)−1◦τ is an automorphism of gC which acts trivially on bC = jC+
⊕
γ∈Σ+
j
g
γ
C
and leaves all other g−γC , γ ∈ Σ
+
j , invariant. In fact, φ acts trivially on all negative
root spaces. To see this, let γ ∈ Σ+j and 0 6= Eγ ∈ g
γ
C and 0 6= Fγ ∈ g
−γ
C . Then
0 6= [Eγ , Fγ] ∈ jC. As φ acts trivially on jC we have
[Eγ, Fγ ] = φ[Eγ, Fγ ] = [Eγ , φFγ],
and hence φFγ = Fγ . It follows that τ = Ad(t). 
Proposition 3.4. The following assertions are equivalent:
(1) −σ|cR ∈ Wc.
(2) θ|cC ∈ Wc.
(3) θ is an inner automorphism of gC.
(4) There exists a g ∈ U such that θ = Ad(g) as an automorphism of gC.
Proof. Since −σ and θ coincide on cR, the equivalence of (1) and (2) is clear.
Suppose now that (2) holds. Since θ
∣∣
a
∈ Wa there exists a k ∈ NK(a) so that
θ
∣∣
a
= Ad(k)
∣∣
a
. Since NK(a) ⊆ NK(M), the restriction of Ad(k)
−1θ to cR defines an
element of Wc whose restriction to a is trivial. In view of (3.1) Ad(k)
−1θ defines an
element of Wm, and thus there exists an m ∈ M so that Ad(k)
−1θ
∣∣
it
= Ad(m)
∣∣
it
.
Now Ad(km) and θ coincide on cR. Let w = km.
Let τ = θ ◦ Ad(w). Since τ is an automorphism of gC with τ |cC = idcC, it follows
from Lemma 3.3 that there exists a t ∈ CC so that τ = Ad(t). Since θ commutes
with Ad(w) (as w in K) we have τ 2 ∈ Ad(K). Hence 〈τ〉 = 〈τ 2〉 ∪ τ〈τ 2〉 is a
relatively compact subgroup of Ad(CC). Consequently we see that t can in fact be
chosen in CU . It follows θ = Ad(tw
−1) with g := tw−1 ∈ U . This proves (4).
The implication of (3) from (4) is trivial.
Finally, if (3) holds, then there exists a g ∈ GC so that θ = Ad(g). Since θ
preserves the Cartan subalgebra cR, we have g ∈ NGC(cR). Therefore, θ = Ad(g) ∈
Wc. This proves (2). 
The following statement can also be found in [1, Lemma 1.6].
Corollary 3.5. The Cartan involution θ is an inner automorphism of gC if and
only if k ⊂ g is a subalgebra of maximal rank. In that case g admits a compact
Cartan subalgebra.
Proof. Assume that θ is an inner automorphism of gC. By Proposition 3.4 there
exists a g ∈ U so that Ad(g) = θ. As g is semi-simple, the group KC := G
θ
C is equal
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to ZGC(g). The centralizer of a semi-simple element contains a maximal torus of
GC, and therefore, rankKC = rankGC.
If k is of maximal rank, then there exists a Cartan subalgebra h of g in k. The
Cartan involution θ acts trivially on h. Now Lemma 3.3 is applicable to τ = θ and
jC = hC. It follows that θ is inner. 
Corollary 3.6. Suppose that there exists a representation of the discrete series for
G with strongly regular infinitesimal character. Then G admits a compact Cartan
subgroup.
Proof. The assertion follows from Propositions 3.2 and 3.4 and Corollary 3.5. 
4. Power series expansion
In this section we summarize a few basic facts regarding the power series expan-
sions of the matrix coefficients of an irreducible Harish-Chandra module V . We
denote the dual Harish-Chandra module of V by V˜ . Recall that V˜ is given by the
K-finite vectors in the algebraic dual V ∗ of V . As before we identify the infinitesimal
character of V with an Wc-orbit [ΛV ] = Wc · ΛV ⊂ c
∗
C.
Let us denote by a++ the positive Weyl chamber in a with respect to Σ+a and
denote by a+ the closure of a++. Likewise we set A++ = exp(a++) and A+ =
exp(a+). As usual we denote by ρ = 1
2
∑
α∈Σ+a
(dim gα)α ∈ a∗ the Weyl half sum.
Now given an irreducible Harish-Chandra module V each K-bi-finite matrix co-
efficient
G ∋ g 7→ mv,v˜(g) := 〈pi(g)v, v˜〉
for v ∈ V and v˜ ∈ V˜ admits a power series expansion on A++, see [6, Ch. VIII]. To
be precise, we have
mv,v˜(a) =
∑
λ∈[ΛV ]|a
∑
ν∈N0[Σ
+
a ]
pλ,νv,v˜ (log a)a
λ−ρ−ν (a ∈ A++, v ∈ V, v˜ ∈ V˜ )
with polynomials pλ,νv,v˜ on a which are of bounded degree and depend linearly on
v ⊗ v˜. In case V belongs to the discrete series only those λ ∈ [ΛV ]|a contribute for
which Reλ|a+ is negative, i.e., Reλ(X) < 0 for all X ∈ a
+\{0}.
By definition, an element ξ ∈ [ΛV ]|a − N0[Σ
+
a ] is called an exponent of V if∑
(λ,ν)
λ−ν=ξ
pλ,νv,v˜ 6= 0
for some v, v˜. The maximal elements in the set of exponents with respect to the
ordering given by ξ1  ξ2 if ξ1 − ξ2 ∈ N0[Σ
+
a ] are called the leading exponents. We
denote by EV ⊂ a
∗
C the set of leading exponents and note that by [6, Th. 8.33] we
have EV ⊆ [ΛV ]|a. Then
mv,v˜(a) =
∑
λ∈EV
∑
ν∈N0[Σ
+
a ]
pλ,νv,v˜ (log a)a
λ−ρ−ν (a ∈ A++, v ∈ V, v˜ ∈ V˜ ) .
The leading coefficients pλv,v˜ := p
λ,0
v,v˜ are unique in this expansion and determine
the principal asymptotics of the matrix coefficient:
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mv,v˜(a) =
∑
λ∈EV
pλv,v˜(log a)a
λ−ρ + lower order terms (a ∈ A++) .
The condition that V belongs to the discrete series can be read off by its set of
leading components. Let
C := (a+)⋆ := {λ ∈ a∗ | λ(X) ≥ 0, X ∈ a+} =
∑
α∈Σ+
R≥0α
be the dual Weyl chamber. By [6, Th. 8.48] V belongs to the discrete series if and
only if it satisfies the condition
(4.1) Re EV ⊂ − int C.
Lemma 4.1. Let F = Fµ be a finite dimensional representation of G with highest
weight µ with respect to Σ+c and let V be a Harish-Chandra module of the discrete
series. The following are equivalent:
(1) Reµ|a + Re EV ⊂ − int C.
(2) All matrix coefficients of V ⊗ Fµ are contained in L
2(G).
Proof. If v ⊗ f ∈ V ⊗ Fµ and v˜ ⊗ f˜ ∈ V˜ ⊗ F
∗
µ , then
(4.2) mv⊗f,v˜⊗f˜ = mv,v˜mf,f˜ .
The assertion (1)⇒ (2) now follows from (4.1) as speca Fµ ⊂ µ|a−N0[Σ
+
a ] ⊂ µ|a−C.
The other implication follows immediately from (4.2) with suitable choices of f and
f˜ . 
5. Application of the translation principle
For a Harish-Chandra module V we denote by Hp(n, V ) the finite dimensional
n-homology of degree p. Notice that the Hp(n, V ) are modules for MA. By the
Harish-Chandra homomorphism we have Z(m) ≃ U(t)Wm. Moreover we note Z(a+
m) = U(a)⊗Z(m). Therefore we can consider the spectrum of a finite dimensional
Z(a + m)-module as a Wm-invariant subset of c
∗
C. In addition we consider ρ as a
Wm-invariant element of c
∗
C by extending it trivially on t.
Lemma 5.1. Let V be an irreducible Harish-Chandra module with infinitesimal
character [Λ]. Then the following assertions hold:
(1) specZ(a+m)Hp(n, V ) ⊂ −ρ+ [Λ] for all p ≥ 0.
(2) specaHp(n, V ) ⊂ specaH0(n, V )−
(
N0[Σ
+
a ] \ {0}
)
for all p > 0.
(3) −ρ+ EV ⊂ specaH0(n, V ) ⊂ −ρ+ EV − N0[Σ
+
a ].
Proof. For (1) see [5, Cor. 3.32] and (2) is [5, Prop. 2.32]. For the first inclusion in
(3), let λ ∈ EV . Pick v˜ ∈ V˜ such that p
λ
v,v˜ is non-zero for some v ∈ V . Now
p : a→ V ∗, X 7→
(
v 7→ pλv,v˜(X)
)
.
is a V ∗-valued polynomial function on a. Let k be its degree and let q be the
homogeneous V ∗-valued polynomial function on a of degree k so that p − q is of
degree less than k. Fix X ∈ a so that R ∋ t 7→ q(tX) is not identically zero, and
define c ∈ V ∗ by
q(tX) = tkc (t ∈ R).
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Then the functional c : V → C is non-zero and n-invariant, and descends to an
element of (V/nV )∗ of weight −λ+ ρ. Hence −ρ+ λ ∈ specaH0(n, V ).
For the second inclusion, let λ ∈ specaH0(n, V ). Recall that it follows from
Frobenius reciprocity that elements λ ∈ specaH0(n, V ) correspond to embeddings
of V into a minimal principal series representation IndG
P
(
σ⊗ (λ+ρ)
)
. Without loss
of generality, we may assume that V ⊂ IndG
P
(
σ ⊗ (λ+ ρ)
)
. As in the derivation of
[7, (1.4)] one sees that λ+ ρ occurs as an exponent of V , and hence is contained in
EV − N0[Σ
+
a ]. 
For the rest of this section we let V be a Harish-Chandra module of the discrete
series with infinitesimal character [Λ] =Wc · Λ ∈ c
∗
C/Wc. We set
[Λ]+ := {ν ∈ [Λ] | Re ν|a ∈ − int C} = {ν ∈ [Λ] | Re ν|a+\{0} < 0} .
Lemma 5.2. Let V be a Harish-Chandra module of the discrete series with infini-
tesimal character [Λ]. Then
(5.1) specZ(a+m)Hp(n, V ) ⊂ −ρ+ [Λ]
+ (p ≥ 0) .
Proof. By Lemma 5.1 (3) and (4.1)
specZ(a+m)H0(n, V ) ⊂ −ρ+ [Λ]
+.
The assertion now follows from (1) and (2) in Lemma 5.1. 
We pick the representative Λ ∈ [Λ] such that λ := Λ|a ∈ EV . In view of Theorem
1.1 and Remark 1.2 (3) in [7], there exists an N ∈ N, independent of the discrete
series representation V , so that NΛ is integral. We select such an N and set
µ0 := NΛ. Let µ be the unique dominant integral element in Wc · µ0 and let Fµ be
the corresponding finite dimensional representation of G with highest weight µ ∈ c∗R.
We are interested in the Z(g)-isotypical decomposition of V ⊗ Fµ. Let χΛ+µ0 :
Z(g) → C be the character corresponding to [Λ + µ0]. According to Zuckerman
[8, Th. 1.2 (1)] the element [Λ + µ0] appears in specZ(g)(V ⊗ Fµ) and thus the
corresponding isotypical component
(5.2) W := {v ∈ V ⊗ Fµ | (∃k ∈ N)(∀z ∈ Z(g)) (z − χΛ+µ0(z))
k · v = 0}
is non-zero. Let J ⊂W be a maximal submodule and set U := W/J . Then U is an
irreducible Harish-Chandra module with infinitesimal character
[ΛU ] = [Λ + µ0] = [(N + 1)Λ] .
Lemma 5.3. For any finite dimensional representation F and any p ≥ 0 we have
specZ(a+m)Hp(n, V ⊗ F ) ⊂ −ρ+ [Λ]
+ + specZ(a+m) F .
Proof. Filter F as P -module as
F0 = {0} ( F1 ( . . . ( Fn = F
such that Fk/Fk−1 is an irreducible P -module for each 1 ≤ k ≤ n. In particular, each
Fk/Fk−1 is a trivial n-module and thus Hp(n, V ⊗Fk/Fk−1) = Hp(n, V )⊗Fk/Fk−1 as
MA-modules. The proof is completed in view of (5.1) by breaking up the long exact
homology sequence for H•(n, V ⊗ F ) via the short exact sequences of MA-modules
0→ V ⊗ Fk−1 → V ⊗ Fk → V ⊗ Fk/Fk−1 → 0.
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
Lemma 5.4. Let µ ∈ c∗R be dominant and integral and let Fµ be the highest weight
representation with highest weight µ. Let µ0 ∈ Wc · µ and let Λ ∈ R+µ0. Further,
let ν ∈ [Λ], σ ∈ specc Fµ and w ∈ Wc. If w(Λ + µ0) = ν + σ, then wΛ = ν and
wµ0 = σ.
Proof. Let r > 0 be so that µ0 = rΛ. We have σ ∈ specc Fµ ⊂ conv(Wc · µ0).
In particular, ‖σ‖ ≤ ‖µ0‖. Moreover, ‖ν‖ = ‖Λ‖. The Cauchy-Schwarz inequality
applied to ν and σ then gives that σ = rν. It follows that σ = wµ0 and ν = wΛ. 
For a Harish-Chandra module U and infinitesimal character [ΛU ] we define a
subset [ΛU ]E ⊂ [ΛU ] by
[ΛU ]E := {Υ ∈ [ΛU ] | Υ|a ∈ EU} .
Proposition 5.5. For U =W/J as defined after (5.2) one has [ΛU ]E ⊂ [Λ + µ0]
+.
In particular, U is square integrable.
Proof. First recall that W ⊂ V ⊗ Fµ is a direct summand as it is a generalized
Z(g)-eigenspace. Thus Hp(n,W ) ⊂ Hp(n, V ⊗ Fµ) as MA-module and therefore
specZ(a+m)H0(n,W ) ⊂ −ρ+ [Λ]
+ + specZ(a+m) Fµ
by Lemma 5.3. Now U = W/J is a quotient of W and thus the natural map
H0(n,W )։ H0(n, U) is surjective. We conclude that
(5.3) specZ(a+m)H0(n, U) ⊂ −ρ+ [Λ]
+ + specZ(a+m) Fµ .
On the other hand we have specZ(a+m)H0(n, U) ⊂ −ρ + [ΛU ] by Lemma 5.1 (1).
Comparing this with (5.3) and applying Lemma 5.4 yields
specZ(a+m)H0(n, U) ⊂ −ρ+ [ΛU ]
+ .
Finally, from (4.1) we deduce that U is square integrable. 
Repeated application of Proposition 5.5 yields:
Corollary 5.6. There exists a N ∈ N such that if V is a representation of the
discrete series with infinitesimal character [Λ], then for every k ∈ N there exists a
representation U of the discrete series with infinitesimal character [(kN +1)Λ] and
EU ⊂ [(kN + 1)Λ]
+
∣∣
a
.
Corollary 5.7. Suppose that there exists a representation of the discrete series.
Then there exists a representation of the discrete series with strongly regular infin-
itesimal character.
Proof. Let V be a representation of the discrete series with infinitesimal character [Λ]
such that λ = Λ
∣∣
a
∈ EV . By Corollary 5.6 there exists a discrete series representation
Vk for every k ∈ N with infinitesimal character [(kN + 1)Λ] and Ek := EVk ⊂
[(kN + 1)Λ]+|a. Since [Λ]
+|a ⊂ − int C, we have
lim
k→∞
dist(Ek,−∂C) ≥ lim
k→∞
(kN + 1) dist([Λ]+|a,−∂C) =∞ .
It follows that for any µ ∈ c∗R there exists a k such that
Ek + conv
(
Wc · µ
∣∣
a
)
⊂ − int C.
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In view of Lemma 4.1 this implies that for every m ∈ N and any choice of funda-
mental representations Fµ1 , . . . , Fµm there exists a n ∈ N so that for every k ∈ N
with k ≥ n all matrix coefficients of the representation
(5.4) Vk ⊗ Fµ1 ⊗ . . .⊗ Fµm
are contained in L2(G). Let Λ˜ ∈ [Λ] be the dominant element with respect to
Σ+c . In view of [8, Th. 1.2(1)] the representation (5.4) contains a subrepresentation
with infinitesimal character [(kN + 1)Λ˜ + µ1 + . . . + µm]. The proof is finished by
observing that (kN + 1)Λ˜ + µ1 + . . . + µm is strongly regular for a suitable choice
of m, µ1, . . . , µm and k. 
Corollary 5.8 (Harish-Chandra). If a real reductive group G admits a representa-
tion of the discrete series, then there exists a compact Cartan subalgebra.
Proof. Combine Corollary 5.7 with Corollary 3.6. 
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